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Critical Behavior of the Correlation Function of
a Coulombic Fluid®
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An extension of the Ornstein—Zernike theory of critical scattering by a
simple fluid to include a type of coulombic system is suggested. The
relation between the oscillations of the charge distribution predicted by
the second moment condition of Stiilinger and Lovett in the restricted
primitive model and the critical behavior of the correlation function is
also discussed.
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1. INTRODUCTION

Certain evidence has recently been given® on the existence of a critical
point in the restricted primitive model (RPM) of an ionic solution. The
existence of this critical point has been shown through approximate and
Monte Carlo calculations of the equation of state.'” One wonders if it is
possible to relate such a critical behavior with a corresponding long-range
behavior of the correlation function in an Ornstein~Zernike fashion—in
other words, if it is possible to set up a hypothesis, adequate for Coulombic
systems, corresponding to the main hypothesis of the (simple fluid)
Ornstein—Zernike theory.

In this paper, we consider one possibility for such a hypothesis which
seems, at least, reasonable and which provides a qualitative picture of the
critical behavior in this type of system.
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Upon introducing the matrices H and C defined as
Hij(r) = (pipj)*2hifr), Cifr) = (pip)Peifr), Lj=1,2 ey
we obtain the Ornstein—Zernike (OZ) equation for a multicomponent system
in the form

H(ry = C(r) +fC(r’)H(|r —r'])d%’ 2)

Let us consider only systems of particles interacting via a potential of
the form

uij(r) = us(r) + qiqj/era Lj= 1,2 (3)

where u° is a strictly short-ranged term (the RPM uses a hard-sphere poten-
tial for uf). We now set up the main hypothesis of the OZ theory for this
type of Coulombic system by assuming that: ¢, (r) = —Bgq;jer + s,r),
where s;,(r) is short-ranged at, and near, the critical point.

Let us introduce now the matrices R and E defined as

R;; = (pip)'?, Ei; = qq;R;, L,j=12 4)

Since we suppose overall electroneutrality, >2.; pig; = 0, R and E satisfy
the following relations:

ER=RE =0 (5)
> ») ©
> piq,-z) @

If we now define the ‘‘particle” correlation function A%(r) with its
corresponding direct correlation function ¢%(r) as

h(r) = 3lhi(r) + hio(P)], c(r) = 3len(r) + crar)] 3

and the ““charge” correlation function A%r) with its corresponding direct
correlation function ¢*(r) as

1]

RR = pR (p

EE = yE (y

W) = 50 @) = b)), ) = 35 fen®) = eu®] )

then we can write H and C as
H(r) = B(r)R + h*(r)E (10a)
C(r) = ¢*(r)R + c*(r)E (10b)
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By using Eqgs. (10), along with Egs. (5)~(7), we can write the OZ equation
in two separate (but coupled, in general) OZ integral equations, one involving
h* and c¢®, and the other involving A% and ¢*:

() = c5(r) + pfcs(r’)hs(lr —r'\)d?’ (1n

() = ¢(r) + v f (e — v']) dor (12)

Let us now write the OZ integral equation [Eqgs. (10a), (11), and (12)]
in Fourier space, where we now have

H(k)zr%R+r%E (13)
with
C(k) = (k)R + ¢4k)E (14)
According to our above OZ assumption, we also have
C(k) = —(@dnple(1/k?E + S(k) (15)
where
Si(r) = (pipy)*2si(r) (16)
Also, with the notation of Eqs. (8) and (15), we have
S(k) = &(k)R + {c‘a(k) + 47"/3 }l—z,]E (17)

Thus, our main hypothesis can also be stated as: C(k) is a meromorphic
function in k%, with —(4nB/e)(1/k*)E as its only singular term at k2 = 0.
Or, in other words, S(k) is analytic in a neighborhood of k2 = 0 and
consequently ¢%(k) and é%k) can be expanded in a Taylor series around
k% =0:

(k) = ¢o° + kA -, é(k) = &,° + é6.%2 + - (18)
where ¢¢(k) is defined as
¢e(k) = ¢o(k) + (4mBle)(1/k%) (19)

We now eliminate the function é* (which is singular at k = 0) from
Eq. (13) in favor of the function é°¢ (which, according to our hypothesis, is
analytic at k£ = 0), thus obtaining
H(k) = ()R + ha(k)E
(3] —(@nr[ekT) + k2é4(k) E
T 1 — pés(k) k2 + [1 — yée(k)k?
where «2 = (4n/ekT)y.

(20)
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From this equation and from our main hypothesis it is already obvious
that if any long-range behavior is expected in H(r) it should be related to
the approach to the origin k = 0 of a pole of A°(k) since the other term in
Eq. (20), A%(k), does not have such a possibility, except in the trivial case
k = 0(T = o0).

Let us now complete the analogy with the simple fluid case by expanding
&% and é° in their Taylor series. Since, as far as the critical behavior is con-
cerned, we are interested not in 4° or A* in particular but in H(r), we perform
the sum in Eq. (20) and keep only the lowest approximation, i.e., we neglect
terms of order k* in the denominator of H{k) [thus excluding, as in the
simple fluid case, any oscillatory behavior for H(r)]. Thus, we get

(ke )R — [(4n|ekT)(1 — pco)IE + O(K)

H ~
) % 30 = peed + [T = peo — yeo?) — w2pey Tk

(k—0)
@1)

or, by Fourier-transforming and returning to our original notation,

« (Ames — (g JekT)(1 = pes) e
WO R T e - e = wper 7 T 3
where

o

2 B
2 K (1 - pCO)
T (0= pee)(1 = yee) — kPpey® @3)

On the other hand, the compressibility equation for multicomponent
systems reads

Bo(eplon) = » = > J ey @4)

or, by using Egs. (1) and (10b) along with the electroneutrality condition
2. rg: =0,
B(op/op) = 1 — pcy’ (25)

In the approach to the critical point, characterized by the divergence of the
compressibility, i.e., by the limit 8(&p/dp) — 0, we have that Eq. (22) becomes

hifr) — [co®[(—dmpe,®)le*"r (26)
a = [(1 = peo®)(—per®)]H? (27)

with a striking resemblance to the simple fluid case. The identification of the
correlation length ¢ with «~! gives again the critical exponents relation
2v = y. Thus, the analogy has been completed.

Some comments are in order with respect to the extension of the
Ornstein—Zernike theory just presented. First of all, our hypothesis so far
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does not have any formal justification, and so we take it literally as a hypoth-
esis. However, this hypothesis has proved to be a useful one in the respect
that we have just employed it, and, as we will see below, it provides a general
scheme in which some particular, but important, approximate theories of
ionic solutions fall. Let us mention that the conditions stated by our hypoth-
esis imply the second moment condition of Stillinger and Lovett,® since
from Eq. (18) we have that

lim k2¢¢ ,Sk% =0 (28)
which is a sufficient condition for the Stillinger—Lovett moment condition
to be satisfied.® '

The second moment condition predicts that for values of « above a
certain value «,, the “charge” correlation function A%(r) will show oscilla-
tions. However, since in the approach to the critical point the asymptotic
form of h;,(r) is dominated by the 4°(r) term, as was shown above, we con-
clude that there is not any direct relation between the mentioned oscillations
and the critical behavior.

Let us discuss now how some well-known approximate theories of
ionic solutions that satisfy our main hypothesis fit into this scheme.

First we consider the mean spherical approximation (MSA),* whose
defining equations for the restricted primitive model are

ci(r) = —PBagg;ler, r>R (29)
h,-j(r) = '—1, r< R (30)

which complement the OZ integral equation. Since this approximation can
be solved analytically, we have analytic expressions for ¢® and ¢°. The above
equations for ¢;;(r) and A,(r) can be written as

c(r) =0, r>R
W)= -1, r<R GD
c*(r) = —Ber, r>R
hy(r) =0, r <R (32)

and so, Eq. (11), complemented with Eq. (31), becomes the OZ equation
for a hard sphere (“reference”) system in the mean spherical (Percus—Yevick)
approximation. The quantity 1 — pc,® will then be the same as 1 — p¢,
for the “‘reference” system:

1 = peg® = (1 — peo)™FY (33)

and so there is no possibility for 1 — pe,® to be zero, or, in other words, no
critical point can be observed in the correlation function of the restricted
primitive model in this approximation. {However, we must notice that if
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B(@p/op) for the restricted primitive model is evaluated through the energy,
instead of the compressibility equation, the result is

B(oplop) = B(op[op)™ + B A(op[op) (34)

where

ﬁ(Ag}—;) - ﬁ% [1 1+ 202 (1_"+xz§)ﬁ} (35)

with x = «R and now B(dp/dp) can be zero for certain values of T and p
(T* = ekTR|g? = 78.5 x 1073, p* = R% = 1.4 x 1072); in fact this was
one of the ways by which the critical point was first detectedV.}

Another approximation closely related to the one just discussed is the
so-called generalized mean spherical approximation,”® which is defined by
the “boundary conditions”

cy(r) = —Bqig;ler + Ke *r, r>R

hy(ry = —1, r< R (36)

where K and z are parameters determined by the requirement of thermo-
dynamic consistency. One of the equations of consistency is precisely ®

{2)™ <1 = ez @7

along with the prescription that the left-hand side of this equation be given
by the corresponding quantity in the mean spherical approximation obtained
via the energy equation, i.e., by Eq. (34). Thus, with respect to the critical
behavior, the result of this approximation is only to “legitimize” the critical
point that already appeared in the thermodynamics of the mean spherical
approximation, and to force it to appear also in the correlation functions.
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